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Abstract: In this paper, we study difference sequence spaces Loo(A), ¢(A) and co(A) in the context of
bicomplex numbers. We show that these spaces form a linear vector space. Further, we explore their
algebraic, topological, and geometric properties. Several illustrative examples are also provided to support
the results.
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1 Introduction

Bi-complex numbers are the generalization of complex numbers by introducing two distinct imaginary units.
The idea was first introduced by the Italian mathematician Corrado Segre in 1892 [I5]. The most detailed
exploration of bi-complex numbers was later conducted by G. B. Price [12]. Additionally, Alpay et al. [I]
developed a broad framework of functional analysis based on bi-complex scalars.

Several other researchers, including Bera and Tripathy [2, 3], Degirmen and Sagir [4, 5], Parajuli et al. [IT],
Rochon and Shapiro [13], Sager and Sagir [14], and Wagh [16] have studied the algebraic, geometric, and
topological aspects of bi-complex sequence spaces.

In this article, we denote the sets of real, complex, and bi-complex numbers by the symbols Cy, C;, and
C,, respectively.
A bi-complex number [I5] z is defined as:

z=(a+1ib) + j(c+id) = z1 + jzo,
where z; = a+1b, 20 = c+id, and a,b,c,d € Cy, 21,20 € Cy.
The imaginary units satisfy the relations:
i?=4j%=—1, ij=ji==Fk, wherek isa hyperbolic unit such that k? = 1.

The set of bi-complex numbers is denoted by:

Cy, = {Zl + jzo 1 21,29 € (Cl}

Apart from 0 and 1, the set Cy contains exactly two non-trivial idempotent elements, denoted by e; and

ea, which are defined as follows:
1+ ij 1—ij
e = .
2 7 T2

el =
These elements satisfy the following properties:
e1t+es=1, e —ex=1j, ej.eq=ce9.61 =0, e% =eq, eg = es.
Every bi-complex number z = z1 4 jzo (where 2z, 29 € C1) can be uniquely expressed as:
Z = j1€e1 + poes,

where
1= 21 — 22, 2 = 21+ 122,
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represent the idempotent components of z. The set {e1,ea} serves as an orthogonal basis of C,.

The FEuclidean norm on Cs is defined by

lpa]? + |p2?

lallcs = Va2 F P+ +@ = VP + 1P = [ 215

A sequence space refers to a vector space composed of elements that are infinite sequences. Several re-
searchers, including Et [6], Ghimire and Pahari [7], Kamthan and Gupta [9], and Pahari [10], have studied
various aspects of the theory of scalar and vector-valued sequence spaces using Banach sequences. Se-
quences may be real, complex, or bi-complex numbers.

In this article, we use the symbols w(Cs), oo (C2), ¢(C3), and ¢g(Cs) to represent the spaces of all, bounded,
convergent, and null sequences of bi-complex numbers, respectively. These spaces are equipped with the
norm defined by

lzlloc = sup||zx|| for all k € N,
k

where z = (z) is a sequence of bi-complex numbers. In order to explore the generalized limit of divergent
sequences, Kizmaz [8] developed the notion of difference sequence spaces £o.(A), ¢(A), and ¢g(A) for
sequences of real or complex numbers as follows:

Z(A)={z2=(2) : Az, € Z} for Z =Lw,c, or cy,

where Az = Az, = 2z, — 241 for k € N,

In this work, we extend the above sequence spaces to the context of bi-complex numbers, defined by
Loo(C)(A) = {2z = (21) : Az, € £oo(Ca)},
c(Co)(A) ={z = (2x) : Az, € ¢(C2)}.

co(C2)(A) ={z = (21) : Az € co(Cy)}.

Obviously,
c0(C2)(A) C ¢(C2)(A) C leo(Ca)(A).

The proof is straightforward. If z; € ¢o(Cz)(A), then [[Azk|lc, — 0 as k — oo. So, the sequence zj is
convergent and bounded. Hence,

2 € ¢(C2)(A) C oo (C2)(A).

Therefore,
co(C2)(A) C e(C2)(A) C loo(Ca)(A).

1
For example, let z, = z j, where k € N and j is an imaginary unit. Then,

Ao (1 1N, 1,
FEAE AT\ T A ) T ke )

Clearly, Az — 0 as k — oo.

Thus, Az is null, convergent, and bounded. So z; € ¢o(C2)(A), and hence also z € ¢(C2)(A) C
oo (C2)(A).

7
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2 Definitions and Preliminaries
Definition 2.1: A sequence in C; is a function
z:N— (CQ,

represented as z = (z), where each 2, € Cs.
A sequence (z) converges to z € Cy if for every € > 0, there exists N € N such that

|z — zllc, <&, Vk>N.
It can be written as
lim z; = z.
k—o0

A sequence (zg) is called a Cauchy sequence if for every ¢ > 0, there exists N € N such that

Hzm - Zn”Cz <eg, VYm,n>N.

Definition 2.2: A sequence space X is solid (or normal) if
(Zk) cX — (akzk) cX

for any scalar sequence (ay) with |ag| <1 for all k € N.
The space X is symmetric if for any permutation 7 : N — N,

(Zk) ceX = (Z,,r(k)) e X.

Also, the space X is monotone if it consists of canonical pre-images of all its step spaces.

Definition 2.3: A subset Y of a linear space X is said to be convex if for all z,y € Y and for all scalar

A €10,1],
(I-=Nzx+ A yeY.

3 Main Results

In this section, we present some theorems and examples exploring some algebraic, topological and geometric

properties of the difference sequences of bi-complex numbers.

Theorem 3.1. The sequence spaces Z[A, | - ||c,], where Z = o (Cs), ¢(Cs), ¢o(Ca), are normed linear

spaces.

Proof. We show that £ (C3)[A, || - |lc,] is a normed linear space. For this, let y = (y) and z = (zi) be two

arbitrary sequences in the space £o(C2)[A, || - ||c,]- Then, we have
Sl}ipHAka(Cz <oo and Sl]’:pHAZ:’CHCQ < 00.
Let a, 8 € Cy. Then
sup [ Aags + B2e)llc, < sup [ Alayr) + A(Bz)llc,
< sup (1Aaye)lle, + 1A(B2)Ic,)

= |a] sup 1AYklc, + 1B sup [Azkllc,

< 00.
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Therefore, (ayr + B2k) € Loo(C2)[A, || - |lc,]-

Hence, £oo(C2)[A, ]| - |lc,] is a linear space. We can establish the linearity of other spaces by a similar
procedure.
Next, we prove that || - ||a is a norm on Z[A, || - ||c,], defined by

I2lla = lizlic, +sup [Azlic,,
where Z = o (Cs), ¢(C3), ¢o(Cs) and z = (zx).
(i) Let z = 6, where 6 = (0,0,...) is the zero element of Z. Then,

10]la = [10llc, + sup |A0flc, =0+0=0.

Conversely, suppose
I2lla = llz1llc, + Sup [Azgllc, = 0.

Then ||z1|lc, =0 =21 =0, and
HAZkH(Cz =0 forallkeN.

For k =1, we have
[Az ]| = [lz1 — 22l = [|0 — 22| = [|z2]| = 0 = 22 = 0.

Proceeding in this way, we find z;, = 0 for all k¥ € N. Therefore, ||z]]a =0 <= z=0.
(ii) Let y = (yx) and z = (2x). Then,

ly +zlla = lly1 + 21llc, + sup Ak + 2&)llc,
< (e, +llz1llc,) + (s%p Ay llc, + sup ||Azk||C2>

_ (nylncz +ou ||Ayk||c2) " (nzln«:z +om ||Azk||c2)
— lvlla + 2]

Thus, [ly + zlla < [lylla + llzlla-
(iii) Let o € Cp and z = (2x) € Cy . Then,

llazlla = llazlle, + sup [|Aez)lle,

= ladlizlic, + lafsup [Azllc,

ol (Jalle, + supl| A,

= lelllz]la-
Thus, [laz]la = [el]z]la-
Hence, || - ||a is a norm on Z = £ (C2), ¢(Cy), co(Cy).
Therefore, €0 (C2)[A], ¢(C2)[A], co(C2)[A] are normed linear spaces. O

Theorem 3.2. The class of sequence spaces Z[A, || - ||c,], where Z = £s(Ca), ¢(Cs), co(Cy) are Banach
spaces.

Proof. Let (2™) be any Cauchy sequence in £ (C2)[A, || - ||c,], where

2= (ZI?> = {Z?,Z?,Z?, i }’ € EOO((C?)[Av H : ||C2]’ neN.
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Then,
2" — 2" |a = ||27 — 21| +sup || Az — Az = 0 as n,m — oc.
k

Thus, we obtain
Iz — 2% = 0 asn,m — oo for each k € N.

Hence, the sequence (2}') = {z},2%,23,...} forms a Cauchy sequence in C. Since Cy is complete [14], it
converges to zi say. Therefore,
Zjp = 2z as m — 00.

Moreover, for every € > 0 there exists a positive integer N = N(e) such that for all n,m > N and for all
k € N, we have
21 — 21"l <&, and  [[(z30 — 241) — (2 — 2| <e.

Also,
lm [z —21"[ = [[f — 2] <e,
m— o0
and for all n > N,
: n . m (s m|| — n o (s <e.
Tim [(f — 2) — (2 — 2P = [ — 20) — (2 — 2l <

Since ¢ is independent of k, we have
sup (2841 = 2rt1) — (21 — )l < e
Consequently, for n > N,
[I2" — z||a < 2e.

Hence,

Z" =z as n— oo,

where z = (z).
Now we show that z € {5, (Ca)[A]. We have
2 = zrsll = llzw = 20 + 28 = 241 + 2041 — 2kl < Nz = 2l + 127 = 2lla = O(1),

which shows thatz = (z1) € £oo(Ca)[A].
Since every Cauchy sequence in £ (C2)[A] converges in £ (C3)[A], it is complete. Also, being a normed
linear space, it is a Banach space.

Likewise, using the same procedure as above, we can show that the spaces ¢(Cq)[A] and ¢o(Cy)[A] are
Banach spaces.

O
Theorem 3.3. The sequence space Lo (C2)[A, ] - ||lc,] is conver.
Proof. Let y = (yx) and z = (z) € oo (C2)[A, || - [|c,] and A € Cy satisfying 0 < A < 1.
Then,
sngAkaQ < oo and st;pHAzkch < 0.
Now,
s 12 i+ (1= VaiHle, < sup 14 Pile, +sup 13 {(1 = Vb,
= Asup [Ayxllc, + (1= A) sup || Aze]lc,
< 00+ 00 = 00.
Therefore, {Ayr + (1 — XNz} € Lo (C2)[A, || - I,
Hence, £oo(Ca)[A, || - ||lc,] is convex.
A similar procedure can be used to establish the result for the sequence spaces ¢(C3)[A] and ¢o(Ca)[A].
O
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Example 1. Let z;, = (k4 1)j where k is a positive integer and j is an imaginary unit. The sequence (zr)
does not converge in Ca. So, zi & co(Cy) C ¢(Cs) C €oo(Cs). But

Azg =z — 21 = (k+1)j —(k+2)j = —j
which is bounded as well as convergent. Hence, z;, € ¢(C2)(A) C loo(Ca)(A).

Example 2. Let z;, = (e1 + e2)kj where k is a positive integer.
Then, Az = —(e1 +e2)j. So, zp € ¢(C2)(A) C Loo(Ca)(A).
Let us define the sequence (ay,) of scalars:

o — 1 when k is odd
b 0 when k is even

Then, |ai| <1 for all positive integers k € N.
Now,

(e1 +e2)kj when k is odd
Az = .
0 when k is even

Then,

(e1 +e2)kj  when k is odd
Aagzy = : :
—(e1 +ea)kj when k is even

Hence, agzi ¢ ¢(Ca)(A) C Loo(Ca)(A).
Therefore, the spaces ¢(C2)(A) and £o(Ca)(A) are not solid.

Example 3. Let z, = kj for all positive integers k € N. Then, z1, € ¢(C2)(A) C £oo(C2)(A).
Consider the permutation zr () of the elements of zy defined by

ZTI'(]C) = {Zlv 22,24, R3,29,25, %165 26 225, « « }

Then, zxry ¢ c(C2)(A) C Loo(C2)(A).
Hence, the spaces ¢(Ca)(A) and £oo(C2)(A) are not symmetric.

Example 4. Let y, = j for all positive integers k € N. Then y, € co(Ca)(A).
Consider the sequence (zx) in its preimage space defined by

7 when k is odd,
2L =
b 0 when k is even.

Then, (zx) ¢ co(C2)(A). Hence the space ¢o(Ca)(A) is not monotone.

Example 5. Let yi, = kj for all k € N. Then yj, € c(C3)(A) C Lo (Ca)(A).
Consider the sequence in its preimage space defined by

L 7 when k is odd,
b 0 when k is even.

Now,

J when k is odd,
Azk = . .
—j when k is even.

Therefore, zi, ¢ ¢(C2)(A)

Hence, ¢(C3)(A) and £ (Cs)

(A) are not monotone.
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4

Conclusion

The difference sequence spaces of bi-complex numbers exhibit various algebraic, topological, and geometric
properties. In this study, we have studied some of these properties. There is also the possibility of extending
these findings to generalized difference double sequences of bi-complex numbers in future research.
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